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The purpose of this work is to compute the normal form of a class of general quadratic
Hamiltonian systems that generalizes naturally Euler’s equations from the free rigid body
dynamics.
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1. Introduction
When thinking about quadratic and homogeneous Hamiltonian systems on the dual of a Lie algebra, the first example
that comes to ourminds is the system describing the rotations of a free rigid body around its center ofmass. This systemwas
derived by Euler in 1758 (see e.g. [1]), then generalized by Poincaré (see [2]), and then again later by Arnold (see e.g. [3]),
starting from the original so(3) Lie algebra, to a general Lie algebra. The mathematical literature contains a huge amount of
writing concerning Euler’s equations, from their original form to the most general forms (see e.g. [1,4–15]).
Recently, in [16] it was proved that under suitable non-degeneracy conditions, a quadratic and homogeneous (quadratic)
Hamiltonian system defined on the dual of the Lie algebra o(K) of real K -skew-symmetric matrices, where K is an arbitrary
3 × 3 real symmetric matrix, is affinely equivalent to Euler’s equations (Euler’s equations with three linear controls)
describing the free rigid body dynamics. More exactly, in both cases above, the non-degeneracy condition requires the
existence of a positive definite linear combination between the quadratic form generated by K and the quadratic form that
generates the Hamiltonian of the system. In [16] there is introduced a general family of quadratic Hamiltonian systems that
generalizes the quadratic Hamiltonian systems defined on the dual of the Lie algebra o(K), and consequently gives also a
generalization of Euler’s equations describing the free rigid body dynamics (with linear controls).
The purpose of this work is to construct explicitly the normal form of an interesting subset of quadratic Hamiltonian
systems from this general family, that generalize Euler’s equations (with linear controls).
For details on Poisson geometry and Hamiltonian dynamics, see, e.g., [3,5,8–10,13,17].
2. The normal form of a large class of three-dimensional quadratic Hamiltonian systems
In this section we give an explicit method for computing the normal form of a general quadratic Hamiltonian system on
a natural extension of (o(K))∗, where K ∈ Sym(3) is a given 3× 3 real symmetric matrix.
Recall that the Lie algebra o(K) is defined as o(K) := {A ∈ gl(3;R) : ATK + KA = O3}. Note that in the case where K is
nonsingular, o(K) is the Lie algebra of the Lie group O(K) := {A ∈ GL(3;R) : ATKA = K} of K -orthogonal 3× 3 matrices.
Let us now recall a Lie algebra isomorphism between o(K) andR3. For details regarding this isomorphism, see e.g. [8,13].
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Proposition 2.1. The Lie algebras (o(K),+, ·R, [·, ·]) and

R3,+, ·R,×K

are isomorphic, where [·, ·] is the commutator of
matrices, and u×K v := K(u× v) for any u, v ∈ R3.
Note that for K nonsingular, the above isomorphism between S ∈ o(K) and s ∈ R3 can be defined by using the equation
Su = s× Ku, u ∈ R3.
An immediate consequence of the this proposition is that (o(K))∗ ∼= (R3)∗ ∼= R3; viewed as a dual of a Lie algebra, it
has a natural Poisson structure, namely the ‘‘minus’’ Lie–Poisson structure, which in this case proves to be generated by the
Poisson bracket:
{f , g}K := −∇CK · (∇f ×∇g),
for any f , g ∈ C∞(R3,R), where the smooth function CK ∈ C∞(R3,R) is given by
CK (u) := 12u
TKu.
For more details regarding this bracket and the associated Lie–Poisson dynamics, see e.g. [8].
It is not hard to see that the center of the Poisson algebra C∞(R3,R) is generated by the Casimir invariant function
CK ∈ C∞(R3,R), CK (u) = 12uTKu.
Let us now generalize the above setting by introducing the Poisson manifold (R3, {·, ·}(K ,k)), where the Poisson bracket
{·, ·}(K ,k) is defined by
{f , g}(K ,k) := −∇C(K ,k) · (∇f ×∇g),
for any f , g ∈ C∞(R3,R), and the smooth function C(K ,k) ∈ C∞(R3,R) is given by
C(K ,k)(u) := 12u
TKu+ uTk.
Using the above definition of the Poisson bracket, it follows that the smooth function C(K ,k) is a Casimir invariant function.
Consequently, a quadratic Hamiltonian system on (R3, {·, ·}(K ,k)) is generated by a smooth function H(A,a) ∈ C∞(R3,R),
given by
H(A,a)(u) := 12u
TAu+ uTa,
where A ∈ Sym(3) is an arbitrary real symmetric matrix, and a ∈ R3.
Hence, the associated Hamiltonian system is governed by the following differential equation:
u˙ = (Ku+ k)× (Au+ a), u ∈ R3. (2.1)
The main result in [16] states that if there exist α, β ∈ R such that αA + βK is positive (or negative) definite, then the
system (2.1) is affinely equivalent to Euler’s equations of the free rigid body dynamics with linear controls, namely,
u˙ = u× (Du+ d), u ∈ R3, (2.2)
where D = diag(λ1, λ2, λ3) is a real diagonal 3×3matrix, and d ∈ R3. In the case when d = 0, Eqs. (2.2) are exactly Euler’s
equations of the free rigid body dynamics. Note that in coordinates, the system (2.2) becomesx˙1 = (λ3 − λ2)x2x3 + d3x2 − d2x3,
x˙2 = (λ1 − λ3)x1x3 − d3x1 + d1x3,
x˙3 = (λ2 − λ1)x1x2 + d2x1 − d1x2,
where (d1, d2, d3) are the coordinates of d.
The purpose of this work is to give a normal form of Eqs. (2.1) in the case where the matrices A and K commute. Let us
now state the main result of this work.
Theorem 2.2. If the matrices A and K commute, then the system (2.1) is orthogonally equivalent to the dynamical system
v˙ = (DKv + kˆ)× (DAv + aˆ), v ∈ R3, (2.3)
where the real diagonal 3 × 3 matrices DA,DK are given by DA = RTAR,DK = RTKR, where R ∈ O(Id) = O(3,R) is
a 3× 3 orthogonal matrix, and kˆ := det(R)RTk, aˆ := det(R)RTa.
Proof. As a consequence of the commutativity of the real symmetric matrices A and K (i.e., [A, K ] = AK − KA = 0), there
exists an orthogonal matrix R ∈ O(Id) = O(3,R) which diagonalizes simultaneously both of the matrices A and K . More
exactly, there exist two 3× 3 real diagonal matrices DA and DK such that DA = RTAR, and DK = RTKR.
Let us define R−T := (R−1)T . Recall that for any matrix R ∈ O(Id) = O(3,R)we have that (det(R))2 = 1.
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Next, we will show that
u(t) = det(R)Rv(t),
where t → u(t) is a solution of the dynamical system (2.1):
u˙ = (Ku+ k)× (Au+ a),
and t → v(t) is a solution of the dynamical system
v˙ = (DKv + kˆ)× (DAv + aˆ).
To prove this assertion, note first that
(Ku+ k)× (Au+ a) = (Kdet(R)Rv + k)× (Adet(R)Rv + a)
= [det(R)KRv + (det(R))2k] × [det(R)ARv + (det(R))2a]
= (det(R))2[(KRv + det(R)k)× (ARv + det(R)a)]
= (KRv + det(R)k)× (ARv + det(R)a)
= (RDKv + det(R)k)× (RDAv + det(R)a)
= (RDKv + det(R)RRTk)× (RDAv + det(R)RRTa)
= [R(DKv + det(R)RTk)] × [R(DAv + det(R)RTa)]
= det(R)R−T [(DKv + kˆ)× (DAv + aˆ)]
= det(R)R[(DKv + kˆ)× (DAv + aˆ)].
Hence,
u˙ = (Ku+ k)× (Au+ a) ⇔ det(R)Rv˙ = det(R)R[(DKv + kˆ)× (DAv + aˆ)]
⇔ v˙ = (DKv + kˆ)× (DAv + aˆ). 
Remark 2.3. Using coordinates, the system (2.3) becomesx˙1 = (K2A3 − K3A2)x2x3 + (K2a3 − k3A2)x2 + (k2A3 − K3a2)x3 + k2a3 − k3a2
x˙2 = (K3A1 − K1A3)x1x3 + (k3A1 − K1a3)x1 + (K3a1 − k1A3)x3 + k3a1 − k1a3
x˙3 = (K1A2 − K2A1)x1x2 + (K1a2 − k2A1)x1 + (k1A2 − K2a1)x2 + k1a2 − k2a1,
where DA = diag(A1, A2, A3),DK = diag(K1, K2, K3), aˆ = (a1, a2, a3), and kˆ = (k1, k2, k3).
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